
!
Bayesian!risk!min!

! Suppose L = D −W diagonal dominant ⇒

L−1 = (I−D−1W )−1D−1 = [I+D−1W+(D−1W )2+· · · ]D−1 ≥ 0

(

Luu Lu!
L!u L!!

)−1
−
(

L−1
uu 0
0 0

)

=
(

−L−1
uu Lu!
I

)

(L!!−L!uL
−1
uu Lu!)

−1 (−L!uL
−1
uu , I) ≥ 0

! Monotonicity of ! ⊂ !′ ⇒

Lu“ ⊃ ”Lu′ ⇒ tr(L−1
u ) ≥ tr(L−1

u′ ) ⇒ R∆(!) ≤ R∆(!′)
! Diminishing marginal reward of a singleton !

∆(!) = tr(L−1)− tr(L−1
uu ) =

‖ (−L!uL
−1
uu , I)T ‖22

L!!−(−L!u)L
−1
uu (−Lu!)

It decreases as L shrinks in size nestingly, i.e., as ! is queried
later.

! Corr(yi , yj) =
√

Cov(yi ,yj)2

Cov(yi ,yi )Cov(yj ,yj)
=

√

(L−1)2ij
(L−1)ii (L−1)jj

, where

any row (L−1)i ī/(L
−1)ii =

−Li ī L
−1
ī ī

Lii−Li ī L
−1
ī ī

Lī i
/ 1
Lii−Li ī L

−1
ī ī

Lī i
= −Li īL

−1
ī ī

decreases element-wise as L shrinks in size nestingly.

!!!!Mo$va$on!!_!

…!
…!
…!
!

! Distribu1on!of!labels!on!unlabeled!nodes!

We!consider!the!problem!of!designing!a!good!ac1ve!learning!
strategy!that,!under!labeling!budget!constraints,!selects!
which!instances!to!query!for!labels!that!are!most!helpful!for!
classifica1on/surveying!on!a!graphArepresented!database.!

! Examples!of!graphs!
"  Cita1on!graph!

Node:!a!handAwriHen!digit!image.!!
Node!label!(y):!0A9,!actual!digit.!!
Edge!(Aij):!4AnearestAneighbors!on!
Euclidean!distance.!!

"  KAnn!graph!on!feature!space!

Node:!a!paper.!!
Node!label!(y):!!
!!!topic!of!the!paper.!!
Edge!(Aij):!!
!!!presence!of!a!cita1on.!

!
4Ann!graph!on!!

!
Euclidean!distance!!
of!raw!pixel!values!

! Assume!labels!are!connected!to!graph!structure!
(Graph!visualized!using!OpenOrd)!

"  Specifically,!assume!Gaussian!random!field!model!(GRF)!

! The!goal:!query!decisions!(start!from!no!label)!

!!!!Approach!!_!

where!L!is!graph!Laplacian:!!!
!

Bayesian!genera1ve!model:!
!

For!GRFs,!the!distribu1on!of!labels!on!unlabeled!nodes!is!the!
condi1onal!Gaussian!given!known!labels.!We!minimize!its!
Bayesian!risk,!which!is!also!the!predic1ve!variance.!ΣAop1mality!
can!be!viewed!as!a!variant!of!VAop1mality.!!
!

"  Let!l:!labeled,!u:!unlabeled.!(u,l):!complementary.!Split!y,!L.!

ours!ΣAOptimality!

VAOptimality2!!

Info!Gain!(IG)3 ! !!!!!!!!!!!!(same!as!detAopt)!

Mutual!(MIG)3!

Uncertainty4!!!!!!!!!!!!!!!!!!!!!!!!!!!!!!

E!Error!(EER)4!!

!!!!!!(at!step!k!with!uk!unlabeled)!

! Bayesian!risk!minimiza1on!

!!!!Observa$ons!!_!
Let ! !!!!!be!the!condi1onal!covariance.!!
Using!rank!one!update,!we!have!an!equivalent!selec1on!rule:!
!
!
!
!
The!idea:!17norm!might!be!less!suscep1ble!to!outliers.!!

v^{k+1}!
&=\argmax_v!\begin{cases}!
\Big(\sum_{t\in!u}\rho_{vt}\sigma_t\Big)^2!&!
\\!
\sum_{t\in!u}(\rho_{vt}\sigma_t)^2!&!
\end{cases}!

!!!!Theore$cal!Proper$es!!_!

"  Greedy!L2!risk!minimiza1on:!VAop1mality!

"  Greedy!surveying!risk!minimiza1on:!ΣAoptimality!

!!!!!!!Surveying!is!to!predict!class!propor1ons.!!

!!!!Empirical!Results!!_!
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! Ac1ve!classifica1on!!

DBLP!coauthorship!graph!
1711!nodes!(scholars).!Labels:!
Machine!learning!/!data!mining!/!
informa1on!retrieval!/!database!
2898!edges:!Coauthorship!
Used!in!Ji!&!Han!2012!

Cora!cita1on!graph!
2485!nodes!(papers).!Labels:!
Case!based!/!Gene1c!
algorithms!/!Neural!networks!/!
Probabilis1c!methods!/!
Reinforcement!learning!/!Rule!
learning!/!Theory!
5069!edges:!Undirected!cita1on!
Created!by!McCallum!et!al!2000!

Citeseer!cita1on!graph!
2109!nodes!(papers)!labels:!
Agents!/!AI!/!DB!/!IR!/!ML!/!HCI!
3665!edges:!Presence!of!
cita1on!
Used!in!Sen!et!al!2008!

! Ac1ve!surveying!
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4Ann!handwriHen!digits!
1797!images!of!8x8!resolu1on!
4AnearestAneighbors!graph!of!
Euclidean!distances!between!
concatena1ons!of!raw!pixels.!
Labels:!actual!digit!in!images!
Random!subsample!70%!digits!
From!UCI!Repository!1998!
!

!!!!!vs!
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⌃-Optimality for Active Learning on Gaussian Random Fields

Also let ⇤ =

✓

�1 0
0 ⇤̃

◆

=

✓

0 0
0 ⇤̃

◆

, where ⇤̃ 2
R(n�1)⇥(n�1)

+ is a nonsingular diagonal matrix and

L̃ = L(V�{vi}) =
��IN�1 + Q̃(IN + ⇤)Q̃T

��1
.

L̃�1 = �IN�1 � Q̃
h

(IN + ⇤)�1 � Q̃T Q̃
i�1

Q̃T

=� IN�1 � Q̃
h⇣

(IN + ⇤)�1 � IN
⌘

+ rTi ri
i�1

Q̃T

Since the graph is connected, the normalized eigenvec-

tor for �1 = 0 is
⇣

1p
N
, . . . , 1p

N

⌘T
. Therefore, we can

denote ri =
⇣

1p
N
,↵T

i

⌘

, with ↵i 2 RN�1. Now,

h⇣

(IN + ⇤)�1 � IN
⌘

+ rTi ri
i�1

=

0

B

B

B

B

B

@

1
N

↵T
ip
N

↵ip
N

diag
⇣

��k
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k=2
| {z }
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+↵i↵
T
i

| {z }
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1

C

C

C

C

C

A

�1

(4.4)
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m � 1

m
↵T

ip
N
B̃�1

� 1
m B̃�1 ↵ip

N
B̃�1 + 1

m B̃�1 ↵i↵
T
i

N B̃�1

1

A , (4.5)

where B̃�1 = M̃�1�M̃�1↵i · 1
1+↵T

i M̃�1↵i
·↵T

i M̃
�1 and

m = 1
N � 1

N ↵T
i B̃

�1↵i.

Assign ai = ↵T
i M̃

�1↵i and we have

↵T
i B̃

�1↵i = ai � a2i
1 + ai

=
ai

1 + ai
1

m
=
⇣ 1

N
� 1

N
(

ai
1 + ai

)
⌘�1

= N(1 + ai).

Finally, because the first column of the orthogonal Q is
1p
N
1, we have 1TQ =

�p
N,0T

�

and 1T Q̃ = (N�1p
N

,↵i)

R⌃({vi}) = 1T · L̃�1 · 1
=� (N � 1)�

⇣

N�1p
N

,�↵i

⌘

·
 

1
m � 1
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� 1
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N
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✓N�1p
N
�↵T

i

◆

=�N(N � 1)�N2ai,

where

ai =
�

qi2, ..., qiN
�

diag
⇣

1+�2
��2

, ..., 1+�N
��N

⌘

�

qi2, ..., qiN
�T

.

Algorithm 1 Fast R⌃({v}) at singular L.
Input: Singular connected graph Laplacian L.
Perform eigendecomposition L = Q⇤QT , with
⇤ = diag

�

0,�2, . . . ,�N

�

.

Let M�1 = diag
⇣

0, 1+�2
��2

, . . . , 1+�N
��N

⌘

; Q =

0

@

r1
· · ·
rN

1

A.

for i = 1 to N do
ai  riM�1rTi .
R⌃({vi}) = �N(N � 1)�N2ai.

end for
Returns: R⌃({vi}), i = 1, . . . , N .

 

 

  class 1
  class 2
  class 3

  Σ−optimality

  V−optimality

Figure 1. On this toy graph, both heuristics pick the same
center node to query first. However, for the second and
third query, V-optimality weighs the uncertainty of the
candidate node more, resulting in picking rather outliers,
whereas ⌃-optimality favors nodes with universal influence
over the graph and goes to cluster centers.

5. Experiments

5.1. Illustrative toy example

Rewriting the rank-one update of (4.2) with ⌃vv = �2
v

and ⌃vt = ⇢vt�v�t, we have the equivalent criteria in
⌃-optimality and V-optimality, conditioned on L:

(V-opt) : argmax
v

X

t

⇢2vt�
2
t = �2

v +
X

t 6=v

⇢2vt�
2
t , (5.1)

(⌃-opt) : argmax
v

(
X

t

⇢vt�t)
2

=
X

t

⇢2vt�
2
t +

X

t1 6=t2

⇢vt1⇢vt2�t1�t2

= �2
v +

X

t 6=v

⇢2vt�
2
t +

X

t1 6=t2

⇢vt1⇢vt2�t1�t2 . (5.2)

"  Assume!the!graph!Laplacian!L!is!connected!and!diagonal!
dominant,!then!the!risk!reduc1on!
is!posi1ve,!monotone,!and!submodular.!!

"  Greedy!applica1on!of!Bayesian!risk!minimiza1on!has!bounded!
approxima1on!ra1o!(1A1/e).!!

! All!ac1ve!learning!strategies!considered!
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! Ac1ve!regression!(omiHed):!VAopt!worked!beHer!

Sample!budget!

!!!!Reference!!_!

"  Bonus:!The!GRF!is!a!subclass!of!suppressorAfree!GPs.!Knowing!more!decouples!the!
unknown.!It!extends!the!condi1onal!independence!idea.!SuppressorAfree!is!desirable.!
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